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Abstract – Topological phase transitions occur in real materials as well as quantum engineered
systems, all of which differ greatly in terms of dimensionality, symmetries, interactions, and driv-
ing, and hence require a variety of techniques and concepts to describe their topological properties.
For instance, topology may be accessed from single-particle Bloch wave functions, Green’s func-
tions, or many-body wave functions. We demonstrate that despite this diversity, all topological
phase transitions display a universal feature: namely, a divergence of the curvature function that
composes the topological invariant at the critical point. This feature can be exploited via a
renormalization-group-like methodology to describe topological phase transitions. This approach
serves to extend notions of correlation function, critical exponents, scaling laws and universality
classes used in Landau theory to characterize topological phase transitions in a unified manner.
Introduction. – Topological phase transitions
(TPTs) rely on discrete changes in an integer topological
invariant C and understanding them necessitates an
extension of the paradigm of quantum phase transitions
[1, 2]. Upon tuning one or multiple system parameters
M = (M1,M2...), C jumps abruptly from one integer to
another at the critical point Mc. Drawing an analogy to
the usual Landau second order phase transitions, TPTs
usually involve a gap closure in the single-particle or
many-body energy spectrum. Despite this similarity, the
absence of a local Landau order parameter renders the
notion of critical behavior rather ambiguous at a glance.
In recent years, there have been several attempts at
describing the criticality of TPTs, most notably through
the behavior of entanglement measures such as the en-
tanglement entropy (EE) and the entanglement spec-
trum (ES) [3–10]. Alternate formulations proposed in-
clude universal central charges in CFT formulations of
one dimensional systems [11, 12], topological defect gen-
eration [13, 14], real-space topological markers [15, 16],
and derivatives of suitably defined thermodynamic poten-
tials [17–19]. Though these approaches brought forward
fundamental advances in understanding topological criti-
cality, they have not yet offered a generalized and thorough
correspondence to the usual concepts of Landau quantum
criticality so far.
Recently, a framework based on scaling theory was pro-
posed to discuss the criticality of TPTs [20–23]. The the-
ory relies on the topological invariant C being generally an
integration of a certain “curvature function” F over the
momentum or flux space. The curvature function depends
on the dimensionality and symmetry class of the system
[24], whether it is static or periodically driven [25,26], and
whether it is interacting or not [27, 28]. A vast majority
of topological materials display a universal feature in F :
as the system approaches the TPT where the gap closes,
F gradually diverges, with the divergence changing sign
across the transition. This feature allows the classifica-
tion of TPTs according to standard concepts of critical
exponents and universality classes. Furthermore, due to
the conservation of the topological invariant, scaling laws
linking the exponents naturally emerge [22–24]. Based on
this notion of divergence, a simple renormalization group
(RG) approach is proposed to analyze TPTs. This pro-
cedure is a demonstrably efficient tool to pinpoint and
characterize TPTs in multi-dimensional parameter spaces
[20, 21], a typically cumbersome task in both interacting
and periodically driven systems [25–28].
In this review, we outline this unified description of
TPTs and its applications to a variety of static, periodi-
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cally driven, weakly and strongly interacting systems. We
mainly focus on one (1D) and two-dimensional (2D) Dirac
models, although higher dimensional cases and more ex-
otic topology have also been discussed [20–28].
Fig. 1: Schematics of the divergence of the curvature function
at the critical point Mc in 1D (top) and 2D (bottom) systems.
The height and width of the Lorentzian peak are F (k0,M) and
1/ξ, repectively, and have critical exponents γ and ν.
Correlation functions, critical exponents, and
universality classes. – We consider a topological sys-
tem whose topology is determined by a set of tunable pa-
rameters M = (M1,M2, ...) in the Hamiltonian. Different
topological phases correspond to different quantized values
of a topological invariant C constructed from integrating a
curvature function F (k,M) over the Brillouin zone (BZ)
C =
∫
dDk F (k,M) . (1)
The curvature function in the vicinity of a high symmetry
point (HSP) k0 typically displays a Lorentzian shape
F (k0 + δk,M) =
F (k0,M)
1 + ξ2δk2
, (2)
that reflects the evenness of the curvature function F (k0+
δk,M) = F (k0 − δk,M) around the HSP, where 1/ξ de-
fines the width of the multidimensional peak. Approach-
ing the critical point M → Mc the peak gradually di-
verges, flipping sign across the transition [22–24]
lim
M→M+c
F (k0,M) = − lim
M→M−c
F (k0,M) = ±∞ ,
lim
M→Mc
ξ =∞ , (3)
This is represented schematically in Fig. 1.
This divergence helps us introduce the critical expo-
nents γ, ν of the TPT:
|F (k0,M)| ∝ |M−Mc|−γ , ξ ∝ |M−Mc|−ν , (4)
The conservation of the topological invariant C = const.
as the transition is approached from one side or the other,
C = F (k0,M)
(
D∏
i=1
∫ ξ−1
−ξ−1
dki
1 + ξ2k2i
)
∝ F (k0,M)
ξD
, (5)
yields a scaling law that constraints the exponents [22–24]
γ = Dν , (6)
where D is the dimensionality of the problem. These ex-
ponents serve to classify TPTs into different universality
classes, regardless of the details of the system, as we will
demonstrate in the following sections.
Analogous to the Landau formalism, we can introduce a
correlation function that characterizes the TPT. First, we
calculate the Fourier transform of the curvature function
F˜ (R) =
∫
dDk
(2pi)D
eik·R F (k,M) . (7)
and define the Wannier state
|Rn〉 = 1
N
∑
k
eik·(rˆ−R)|unk〉 , (8)
where |unk〉 is the single-particle Bloch state or many-
body state from which topology is defined. With the Wan-
nier wave function Wn(r−R) = 〈r|Rn〉 centered at the
home cell R, Eq. (7) indicates that the correlation function
F˜ (R) = 〈R|Rˆ|0〉 is a measure of the overlap of Wannier
functions centered at two home cells that are distance R
apart [22–24]. Combining the Lorentzian form in Eq. (2)
with the Fourier transform in Eq. (7), we see that the cor-
relation function decays with correlation length ξ. The
divergence of ξ described by Eq. (3) then indicates that,
near the TPT, the Wannier functions become relatively
extended and have large overlaps. This phenomenon can
in turn be interpreted as the equivalence of scale invariance
at the critical point seen in standard phase transitions.
The curvature renormalization group approach.
– The divergent behavior of the curvature function sug-
gests the construction of an iterative procedure to search
for the trajectory in the parameter space (RG flow) along
which the divergence is mitigated but the topology re-
mains unchanged [20–22]. Under this procedure, the sys-
tem will gradually move away from the critical points of
the flow. By mapping out these critical points, the topo-
logical phase diagram can thus be identified. The iterative
procedure demands that at a given parameter set M, one
searches for a new parameter M′ that satisfies
F (k0,M
′) = F (k0 + δk,M), (9)
where k0 is a HSP and δk is a small deviation away from
it. The divergence of F (k0,M) is gradually reduced under
this procedure, as can be rigorously proved by analyzing it
in Fourier space [20]. Because it renormalizes the profile of
the curvature function, this method has been referred to
as the curvature renormalization group (CRG) approach.
Writing dMi = M
′
i −Mi and δk2j ≡ dl, and expanding
Eq. (9) to leading order yields the generic RG equation
dMi
dl
=
1
2
∂2kF (k,M)
∣∣
k=k0
∂MiF (k0,M)
, (10)
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from which the RG flow can be obtained. The RG flow
contains both critical and fixed points [27]:
Critical point :
∣∣∣∣dMdl
∣∣∣∣→∞,
Fixed point :
∣∣∣∣dMdl
∣∣∣∣→ 0.
In non-interacting systems, obtaining analytic expres-
sions for the critical points is often easy. However, to see
the full flow pattern, one resorts to numerics. For this
purpose, one can implement Eq. (10) on a discrete mesh:
dMi
dl
=
∆Mi
(∆k)2
F (k0 + ∆k,M)− F (k0,M)
F (k0,M + ∆MiMˆi)− F (k0,M)
, (11)
where ∆k is the grid spacing in the momentum space,
and ∆Mi is the spacing in parameter space along the
unit vector Mˆi. Eq. (11) indicates that at a given M,
we only require the knowledge of the curvature func-
tion at three points: F (k0 + ∆k,M), F (k0,M), and
F (k0,M + ∆MiMˆi) to obtain the RG flow dMi/dl in
Eq. (11) without the need for the explicit integration in
Eq. (1). Hence, the CRG approach is a very efficient way
to determine the TPTs circumventing the direct calcula-
tion of topological invariants in a multi-dimensional pa-
rameter space. We now demonstrate these statements in
concrete systems.
Noninteracting systems. – We first discuss nonin-
teracting, static systems. The generic form of the Hamil-
tonian under consideration is of a Dirac Hamiltonian
H(k) = d(k) · Γ , (12)
where the matrices Γa satisfy
{
Γa,Γb
}
= 2δab. The low-
energy dispersion is assumed to be
E±(k) = ±|d(k)| = ±
(
k2n +M2
)1/2
, (13)
where M is the gap and the integer n is the order of band
crossing at the TPT (a.k.a. the dynamic exponent [2]).
From the dispersion we infer the only characteristic length
scale of the problem ξ ∼ k−1 ∼ |M |1/n, which immediately
implies that the critical exponent in Eq. (4) is ν = 1/n,
and γ = D/n according to the scaling law in Eq. (6). In
other words, the order of band crossing n determines the
universality class of the TPT [24].
In a majority of 1D systems, the topological invariant
in Eq. (1) is the integration of the Berry connection
F (k,M) = 〈uk|i∂k|uk〉 , (14)
where |uk〉 refers to the periodic part of the Bloch state
of the valence band. The Berry connection takes the
Lorentzian shape of Eq. (2) in the appropriate gauge and
its Fourier transform yields a Wannier state correlation
function [29–32]
F˜1D(R) = 〈0|rˆ|R〉 , (15)
that decays exponentially with the correlation length ξ.
1D Dirac models with linear band crossing n = 1, such as
the Su-Schrieffer-Heeger (SSH) model [33] and the Kitaev
chain [34], host TPTs with critical exponents γ = ν = 1
In the case of the Kitaev chain, the Berry connection in
Eq. (14) is formulated in the Majorana basis, and hence
the correlation function in Eq. (15) measures the overlap
of Majorana-Wannier functions separated by a distance R.
For 2D time-reversal breaking systems, the topological
invariant is the dimensionless Hall conductance calculated
from integrating the gauge-invariant Berry curvature
F (k,M) = ∂kx〈uk|i∂ky |uk〉 − ∂ky 〈uk|i∂kx |uk〉
=
1
2d3
d · ∂kxd× ∂kyd =
1
2
dˆ · ∂kx dˆ× ∂ky dˆ , (16)
which simply counts the skyrmion number in k− space as-
sociated with the dˆ-vector in Eq. (12). The corresponding
Wannier state correlation function takes the form [30–32]
F˜2D(R) = −i〈R|(R× rˆ)z|0〉, (17)
and due to the Lorentzian shape in Eq. (2), decays with
correlation length ξ for systems such as 2D Chern insula-
tors [35] with linear band crossings n = 1. The order of
band crossing n in 2D is found to be closely related to non-
spatial and crystalline symmetries of the material [24]. For
instance, higher order band crossings n > 1 can be stabi-
lized by a discrete rotational symmetry [36,37]. The crit-
ical exponents ν = 1/n and γ = 2/n thus imply that the
universality class is intimately associated with the crys-
talline symmetry, akin to the relationship between sym-
metries and universality classes in the Landau paradigm.
We remark that for the cases where the topological in-
variant is given by the Pfaffian of the time reversal op-
erator [21, 23], higher order band crossings n > 1 and
higher dimensions [24], the curvature function might dis-
play divergences with more complex structures. Neverthe-
less, critical exponents and scaling laws can still be defined
and calculated exactly within the CRG formalism.
Periodically driven systems. – Periodic driving is
an important tool to realize topological order in phases
with no inherent topology, e.g.in Floquet topological in-
sulators [38–43], Floquet topological superconductors [25,
44–51], or Floquet semimetals [52–57]. Tuning parameters
in these driven systems results in nonequilibrium TPTs
which can also be characterized by the simple CRG.
For a general time-periodic system described by the
Hamiltonian H(t) = H(t + T ), the full dynamics of the
system is governed by the time evolution operator
U(t) = T
{
exp
[
−i
∫ t
0
dt′ H(t′)
]}
, (18)
where T signifies time-ordering. The operator U(t) ac-
counts for the full time dynamics, including the micromo-
tion between periods. When t → T , it is usually called
Floquet operator and it induces a discrete quantum map
p-3
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Fig. 2: CRG flow calculated for the Floquet-Kitaev chain at
(a) k = 0 and (b) k = pi, and for the Floquet-Chern insulator
at (d) k = (0, 0) and (e) k = (0,−pi). The insets (c) and (e)
show the respective topological phase diagrams.
describing stroboscopic dynamics [58]. We can then define
an effective stroboscopic Floquet Hamiltonian via
U(T ) ≡ e−iheffT , (19)
that contains the full information about the system at
multiples of the driving period T . The eigenvalues of
heffT yield the quasienergy spectrum α. The topological
phase diagram of the stroboscopic system can be ascer-
tained by tracking gap closures and localization at the 0
and pi quasienergies. Note however, that though this pro-
cess yields the correct topography of the phase diagram, it
might be necessary to account for micromotion to obtain
the correct topological invariant in a given phase [59].
An example of a topological Floquet system in 1D is the
periodically driven Kitaev chain with a time-modulated
chemical potential µ0 → µ(t) = µ0 + µ1T
∑
m∈Z δ(t −
mT ) [25, 45]. The bulk effective Hamiltonian for this sys-
tem can be calculated exactly and has a form similar to
Eq. (12), i.e. heff(k) ∝ dy(k)σy + dz(k)σz [25], where σi
are Pauli matrices. The topological invariant can therefore
be calculated from the Berry connection of the filled band
eigenstate |uk〉 according to Eq. (14) and the Majorana-
Wannier state correlation function follows from the con-
struction in Eq. (15). The CRG approach applied to this
problem yields the RG flow in the M = (T, µ1) parame-
ter space shown in Figs. 2 (a-b), where TPTs appear as
critical lines of the CRG flows. We find that all TPTs in
this phase diagram have the critical exponents γ = ν = 1,
satisfying the scaling law in Eq. (6). This indicates that
the TPTs in both the static and driven Kitaev models be-
long to the same Dirac universality class, despite the latter
exhibiting a considerably more complex phase diagram.
In 2D, a well known example of a topological Floquet
system is a Chern insulator on a square lattice with mod-
ulated nearest-neighbor hoppings M = (J, J˜) [26, 59, 60].
In this case, the Chern number of the form of Eq. (1) is
calculated from the Berry curvature in Eq. (16) of the stro-
boscopic bulk effective Hamiltonian heff(k) = d(k)·σ [25].
Fig. 2(d-e) show the CRG flows calculated at the HSPs
(0, 0) and (0,−pi), once again revealing all the TPTs. A
detailed analysis reveals a rather unconventional critical-
ity at the TPT J˜ = J , with a quadratic gap closure along
the nodal loop ky = ±pi± kx. Here the Lorentzian shapes
Eq. (2) are deformed to follow the form of the nodal loop.
Nevertheless, we can still extract a set of critical expo-
nents γ = 32 , νx˜ =
1
2 , and νy = 1, satisfying the scaling
law νx˜ + νy = γ. These different numerical values show
that these TPTs in the Floquet problem belong to a new
universality class different from the Dirac classes discussed
earlier. This new universality class stems from a new emer-
gent symmetry of the driven model. Additionally, this
Floquet-Chern insulator also exhibits multi-critical points
(red circles in Fig. 2(f)) where linear Dirac-like and nodal
loop-like features coexist [26].
Fig. 3: (2) RG flow of a 2D Chern insulator in the presence
of weak nearest-neighbor interaction in the parameter space
M = (M,V ) [28], solved by means of Green’s function, and
(b) that of the triangular lattice model of FCI in the parame-
ter space M = (t3, V1), solved by means of twisted boundary
condition and exact diagonalization. Both models extract crit-
ical exponents γ = 2 and ν = 1 with respect to either the
noninteracing or interacting parameter.
Weakly interacting systems. – We now briefly dis-
cuss how to incorporate the effects of interaction into our
CRG formalism. In weakly interacting systems, inter-
actions can be perturbatively treated using the Matsub-
ara Green’s function GIJ(k, σ) = −〈TσcIk(σ)c†Jk(0)〉 and
Dyson’s equation G = G0 + G0ΣG, where Σ is the self-
energy. The topological invariant is then calculated from
the integration of specific combinations of the Green’s
functions which depend on the dimension and symme-
try class of the system [61–63]. Consequently, the Fourier
transform of the curvature function represents the ampli-
tude of the convoluted Green’s function propagating over
a certain distance [28]. Moreover, the gap closure at the
TPTs can be identified from the spectral function, and the
zero energy topological edge state can be pinpointed from
p-4
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the local density of states, corroborating the bulk-edge
correspondence in the presence of interactions [64].
In 2D systems that break time reversal symmetry and
have a frequency-independent self-energy, the curvature
function takes the same form as Eq. (16), except the d-
vector is replaced by the self-energy-renormalized d′ =
d−Σ. The d′-vector can be further written in terms of a
linear combination of Green’s functions denoted by G˜(k).
The curvature function then takes the form [28]
F (k,M) =
pi
i
abcG˜a(k)∂xG˜b(k)∂yG˜c(k) , (20)
and can be shown to manifest the Lorentzian shape dis-
cussed in Eq. (2) despite interactions. The equivalent
“Wannier” correlation function reads
F˜ (R) = ipi
∫
d2R1
∫
d2R2
×abcG˜a(R−R1 −R2)r1xG˜b(R1)r2yG˜c(R) (21)
and represents the amplitude of the convoluted Green’s
function propagating over a certain distance, decaying
with correlation length ξ. The 2D Chern insulator with
electron-electron interaction calculated up to one-loop
level is a concrete example for this case [28], which features
topological phase transitions driven by the mass termM in
the unperturbed Hamiltonian and the nearest-neighbor in-
teraction V . The result of applying CRG to k0 = (0, 0) in
this model up to one-loop level is shown in Fig. 3 (a). The
RG flow identifies a phase boundary between the topolog-
ically nontrivial C = −1 and trivial C = 0 phase in the
M = (M,V ) parameter space, which is a continuous line
that passes through the critical point in the noninteracting
limit [35] Mc = (0, 0). Furthermore, the extracted critical
exponents γ ≈ 2 and νi ≈ 1 reveal that the TPTs in the
interacting system belong to the same universality class as
the noninteracting 2D Chern insulators [22].
Strongly interacting systems. – For 2D systems
with arbitrarily strong interaction, the topology can be
implemented by imposing twisted periodic boundary con-
ditions with phases φ = (φ1, φ2) into the many-body
Hamiltonian Ĥ ≡ Ĥ(φ,M). In the thermodynamic limit
L1, L2 →∞ and on the torus (genus g = 1), the eigenener-
gies Em(φ,M) with m = 1, · · · , Ng=1 are all degenerate,
with the eigenstates denoted by |Ψm(φ,M)〉. The Hall
conductance at zero temperature σH(M) is given by
σH(M)
(e2/h)
≡ 1
Ng=1
Ng=1∑
n=1
Cm(M). (22)
Cm(M) ≡ lim
L1,L2→∞
2pi∫
0
2pi∫
0
dφ1 dφ2
4pi2
Fm(φ,M) (23)
is the Chern number of the m-th state in the ground-state
manifold and the domain of the integration is referred to
as the flux Brillouin zone (fBZ). The quantity
Fm(φ,M) ≡ 4pi Im
〈
∂Ψm
∂φ1
(φ,M)
∣∣∣∣ ∂Ψm∂φ2 (φ,M)
〉
, (24)
is called the many-body Berry curvature [61, 65] and is
found to satisfy Eq. (2) in the flux space for the models
that display linear many-body band crossing. The correla-
tion function essentially takes the same form of Eq. (17),
except the Wannier state is defined on the lattice dual
to the fBZ, but once again decays with the correlation
length ξ. Focusing on the case where only one m of the
Ng=1 ground states in the thermodynamic limit has a
non-vanishing Cm(M), an example of strongly-interacting
topological system is the triangular-lattice model of frac-
tional Chern insulator (FCI) at density ρ = 1/3 [66–69].
The CRG approach applied to this model yields the RG
flow shown in Fig. 3 (b) [27]. Despite the strong inter-
action, the model extracts critical exponents ν = 1 and
γ = 2 with respect to either the noninteracting or inter-
acting tuning parameters, indicating the same universality
class as the noninteracting limit. Moreover, in a variety of
FCI models, the jump of topological invariant ∆C across
the TPT is found to be always equal to the sum of the
order of band crossing at each gap-closing point [27]
∆C =
Ndiv∑
i=1
ni , (25)
exactly as in the noninteracting cases [24]. Finally, note
that various interacting models have been shown to ex-
hibit first order TPTs [70–75]. Although further inves-
tigations are necessary to address them, based on how
transitions are characterized in statistical mechanics, we
anticipate that first order topological transitions require
a different paradigm than the critical behavior discussed
in the present work. An exciting future direction would
be the development of an unifying framework describing
both first and second order topological phase transitions.
Conclusions and Outlook. – Based on the diver-
gent behavior of topological curvature functions, we de-
veloped a unified description for quantum criticality near
TPTs that is applicable to a broad range of noninter-
acting, weakly interacting, strongly interacting, and pe-
riodically driven topological systems. The CRG approach
has proved to be highly efficient in solving an array of
models in a multi-dimensional parameter space. For both
static and driven noninteracting gapped systems, the crit-
ical exponents and scaling laws permit the classification
of TPTs into universality classes which are determined by
the underlying nonspatial and crystalline symmetries. For
weakly interacting models, using Green’s functions calcu-
lations up to one-loop shows that the system remains in
the same universality class as the non-interacting prob-
lem. It remains to be verified if higher loop corrections
preserve this feature. In the strongly interacting mod-
els investigated by means of twisted boundary conditions,
p-5
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the TPTs can still be classified into the same universality
classes as the noninteracting theories despite the lack of a
simple low energy Dirac form.
These approaches can be straightforwardly generalized
to higher dimensions and other symmetry classes. Beyond
a classification of TPTs, we expect critical exponents to
play important roles in the dynamics of topological sys-
tems. An example would be characterizing the dynamics
when the system is quenched across a TPT. Generalizing
the formalism presented here to gapless materials, such as
topological semimetals, as well as higher order topological
insulators and especially non-hermitian systems, are nat-
ural directions for future explorations. It would also be
interesting to incorporate finite temperature effects to see
if TPTs survive and whether one can develop the notion
of topological quantum critical scaling at finite tempera-
tures.
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